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SINGULARITIES OF SECANT VARIETIES 


CHIH-CHI CHOU AND LEI SONG 

Abstract. We study the singularities of the secant variety 'LiX, L) asso¬ 
ciated to a smooth variety X embedded by a sufficiently positive adjoint 
line bundle L. We show that I.(X. L) is always Du Bois singular. Exam¬ 
ples of secant varieties with worse singularities when L has weak posi¬ 
tivity are provided. We also give a necessary and sufficient condition for 
X(A\ L ) to have rational singularities. 


1. Introduction 

Given a smooth projective variety X of dimension n over an algebraically 
closed field of characteristic zero, and a very ample line bundle L that em¬ 
beds X into a projective space P' v . The (first) secant variety X(X L) is de¬ 
fined as the Zariski closure of the union of 2-secant lines to X in P' v . Re¬ 
cently, Ullery Il22l gave a sufficient condition on L for the normality of the 
secant variety S(X L), completing the results of Vermeire. She showed that, 
among other things, when X is a curve, S(X L) is normal if deg L > 2g + 3; 
when n > 2, X(X L ) is normal if L = to x ® A 2( ” +I) ® B , where A, B are very 
ample and nef line bundles, respectively. 

Inspired by the paper If22l . we study the singularities of £(X L) from the 
cohomological point of view. To state results in a uniform way, throughout 
the paper we make the following assumption on L unless otherwise stated 
(In Section 5, the situation when L has weaker positivity is discussed). 

Assumption 1.1. For n > 2, we assume that L = co x 0 A 2( " +1) <g> B, where A 
is very ample and B is a nef line bundles respectively. For X being a curve 
of genus g, we assume that deg L > 2g + 3. 

According to a result of Ein and Lazarsfeld |6l (in case n > 2), such 
L satisfies Property N n+ 1, i.e. X embeds in P A ' under the complete linear 
system \L\ as a projectively normal variety, the homogeneous ideal of X 
is generated by quadrics, and the minimal graded free resolution of O x is 
linear up to (n + l)-th step. One may expect that the singularities of X(X L ) 
will be somewhat well behaved if L satisfies the assumption. Our first result 
confirms this expectation in the sense that 

Key words and phrases, secant varieties, Du Bois singularities, Cohen-Macaulayness, 
rational singularities. 
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Theorem 1.2. ( cf Theorem 13.41) Under Assumption li.il 2(X, L) has Du 
Bois singularities. 

The notion of Du Bois singularities is originated from complex geometry 
and plays an important role in classification of algebraic varieties as shown 
in 031. Roughly speaking, a variety has Du Bois singularities if its coho- 
mological behavior is the same as a simple normal crossing variety. From 
this point of view, the notion of Du Bois singularities is a generalization of 
rational singularities. 

As a result, it is natural to ask whether a secant variety has rational sin¬ 
gularities in general. Before answering this question, we recall the Kempf’s 
criterion for rational singularities: given a normal variety Z and a resolution 
of singularities / : Y —> Z, then Z has rational singularities if and only 
if Z is Cohen-Macaulay and f t xo Y = (o z . So we prove the following two 
theorems. 

Theorem 1.3. (= Theorem \5 .21) Under Assumption U. 1\ for any closed point 
x e X c E(X, L) we have 

depth x ?<(X, L) = n + 2 + max{z | i < n — l, and H\X, Ox) = 0, 1 < j < i) 

Here we adopt the convention that if the set {/’ | i < n — l, and H'(X, Ox) = 
0,1 < j < i) is empty, then the max is 0. 

Note that with the assumption on L, £(X, L)\X is smooth and dimX(A, L) = 
In + 1, so it follows from Theorem 1 1.31 that X(A, L) is Cohen-Macaulay if 
and only if H\X, Ox) = 0, for all 1 < i < n - 1. On the other hand, the sec¬ 
ond condition of rational singularities is controlled by the top cohomology 
group as the following shows. 

Theorem 1.4. (= Theorem 15.81) Under Assumption 17.71 Let t : P (E L ) —> 
H X, L) he the natural resolution of singularities (see §2j. Then ( El ) — 
a>z(x,L) if and only if H"(X, O x ) = 0. 

In Theorem 11.41 we do not need I(A, L) to be Cohen-Macaulay. Here 
ojx(x,L) is the -On + l)-th cohomology of the dualizing complex of (X [y 
Combing the two theorems above, we conclude with a corollary, which in 
case n = 1 was observed by Vermeire ll25l| . 

Corollary 1.5. Under Assumption 17.71 X(A, L) has rational singularities if 
and only if H'(X, Ox) = 0, for all 1 < i < n. □ 

Another natural question to ask is that if the embedding line bundle L 
does not satisfy Assumption ll.il is the secant variety Z(X, L) still Du Bois? 
This is not the case. In Section 4, we give examples of the secant varieties 
are normal but not Du Bois. 
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In the minimal model program, typical types of singularities considered 
are Kawamata log terminal (kit) and log canonical (lc). And it is well 
known that kit and lc implies rational and Du Bois singularities, respec¬ 
tively. (cf. Ifl5l and Ifl4l ). So we ask the following question: 

Question 1.6. Can one find some boundary divisor A on X(A, L) such that 
(X(A, L), A) is a lc pair, or even more, kit in the case that X(X L) has rational 
singularities? 

As an example (cf. Theorem 13 .51) we show that when X ^ P 2 , X(X L ) is 
log canonical with some boundary A. 

Singularities of classical varieties are of great interest to algebraic ge¬ 
ometers. For example, it has been shown that generic determinantal vari¬ 
eties, Schubert varieties and Richardson varieties are kit ( |[23ll , [[201 , ||2|| and 
Ifl8l ). In particular, they all have rational singularities. The result of this pa¬ 
per provides examples of classical varieties having Du Bois but not rational 
singularities. 

Besides the singularities mentioned above, people are also interested in 
the notions of singularities from the view point of arc spaces. Recently 
Mather-Jacobian (MJ) discrepancy and related singularities are introduced 
and have been explored by several authors. W. Niu pointed out to us that the 
answer to Question[L6]is negative in the context of MJ discrepancy: if L is 
sufficiently positive, then for any point x e X, dim T x X(X, L) = dim T x F n » 
2 n, so by [[5l Proposition 3.3], X(X, L ) cannot be MJ-log canonical. 

Acknowledgments'. The authors would like to thank Lawrence Ein, Sandor 
Kovacs, Wenbo Niu, Lorenzo Prelli for useful discussions, thank Brooke 
Ullery for her interest in this work. We would also like to thank the refer¬ 
ees’ corrections and constructive comments. 

2. Notation and preliminaries 

2.1. Geometry of secant varieties. We will use the constructions and no¬ 
tations in Il22l and recall them here for the reader’s convenience. We refer 
the interested reader to (4j] and If24l for constructions in curves and higher 
dimension varieties respectively. 

Let A be a smooth variety of dimension n embedded in F N by a very 
ample line bundle L. Lrom now on, we will simply write X(X) or X for 
X(X, L ) when the context is clear. L is said to be k-very ample if the nat¬ 
ural map H°(L) —> H [) (L <g> Oc) is surjective for every length k + 1, zero 
dimensional closed subscheme B of X. Consider a line bundle of the form 
L = a>x ® A® k <g> B, where A is very ample and B is a nef line bundles re¬ 
spectively, and k > 1. As shown in [[22l . L is 3-very ample for k > n + 4, 
and X is normal for k > 2 (n + 1) in case n > 2. We remark that L can fail 
to be 3-very ample if k < n + 3. An example is the Veronese embedding 
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j : P 2 c —> P 5 under \0 P i{2)\. In this case dimE(P 2 , (9 P 2(2)) < 5 (cf. j3j p. 
43]), and hence O p i(2) cannot be 3-very ample. 

Denote by A [2] the Hilbert scheme of two points on A. The universal 
family <D c A [2] x X is isomorphic to the blowing up n : Bl A X 2 —> X 2 over 
X 2 , where A is the diagonal on X 2 . Denote the two projections from ® by <x 
and q, as shown below 



A [2] A. 

Here q is the composition of n and the first projection p\ : X 2 —> X. 

One can define the tautological vector bundle E L on A [2] by E L = crfq*L). 
The rank two bundle E L is tautological in the sense that for any length two 
closed subscheme £ of X , E L <g> k([i;\) - H°(X, L <g> Of), and H°(X, L) - 
H°(X l2] ,E L ). When L is very ample, E L is globally generated. 

Now assume L is 3-very ample. Then E(A, L) is singular only along X. 
In this case, due to Bertram |4] in curve case and Vermeire [f24l1 in general, 
the projective bundle P (E L ) c A 121 x P(//°(A, L)) together with second pro¬ 
jection provides a natural resolution of singularities t : P (E L ) —> I(A, L). 
The exceptional divisor of t is isomorphic to O. In particular, given a closed 
point x G A the fiber F x of t is isomorphic to Bl x A, the blowing-up of A at 
x. As a result, one has the Cartesian diagram 

(2.1) F x c -- >P(£ l ) 

b x q t 

M c -> A c -> I(A, L). 

The next easy lemmas will be used several times in the sequel. 

Lemma 2.1. The map q : ® A is smooth. 

Proof. Since both A and ® are smooth and every fiber of q has dimension 
n, q is flat QTj, III, Ex.10.9]. For any closed point y e ©, let x = q(y). Then 
dim <v) (n 0/x <g>/<-(y)) = dim <v) (D FtMA . } ®/c(y)) = n. Thus D 0/x is locally free 
of rank n. So q is smooth of relative dimension n. □ 

Lemma 2.2. For all i > 0, 

R l q t O (b ^ H l (X,O x )®O x . 

Proof. Since q = p\ o n and R j n t O® = 0 for all j > 0, one has R’q^O® - 
R'P\*Ox 2 — H'(X, Ox) ® Ox- 


□ 
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2.2. Du Bois singularities. Recall that given a smooth complex variety A, 
the de Rham complex is a resolution of constant sheaf Cx, 

Ox -> q 1 x -> -> • • • -> . 

For a singular variety, the Deligne-Du Bois complex Q’ x is a generalization 
of the de Rham complex. The thorough description and properties of Q* 
are quite involved, we refer the interested reader to IIT31 chapter 6]. There 
is a natural map 

O x » Qx '■= Gr m Cl x , 

and we say that X has Du Bois singularities (DB for short) if the natural map 
is a quasi-isomorphism. For example, a simple normal crossing reduced 
scheme is DB. 

One can also define Du Bois singularities of a pair ( X , Y) by considering 
the Deligne-Du Bois complex Q' x y . Analogously, there is a natural map 

■^YjX > Qx,Y != ^ ,r (\h—X,Y' 

where J’yjx is the ideal sheaf of Y in X. We say (A, Y) is a Du Bois pair (DB 
pair for short) if the natural map is a quasi-isomorphism. Note that being a 
DB pair does not imply either X or Y is DB, the notion is more about the 
“relation” between X and Y. However if both X and Y are DB, then (A, Y) 
is a DB pair. 

2.3. Local duality. We recall local duality, which will be our main tool for 
studying the dualizing sheaf of secant variety. Let (R,p) be a local ring. An 
injective hull I of the residue field k = R/p is an injective R-module such 
that for any non-zero submodule N c I we have N D k ± 0. Or equivalently, 
the injective hull / is the minimal injective module containing k. 

Theorem 2.3. (cf. D301 §V. Theorem 6.2]) Let ( R,p ) be a local ring and 
T' g D + c JR). Then 

RY p {f") -» RHom{RHom(T\ oj*), /) 

is an isomorphism. 

In particular, taking i-th cohomology on both sides, we have 

(2.2) Hj,CF*) ^ Hom(Yr i (‘RHom(T *, oj' r )), I) * Hom(8xr\T\ oj*)), I). 

The -i comes from switching the cohomology functor H'(-) and Hom(, I). 
In this paper we will only use the case when T* is a module, as in lUOl §V. 
Corollary 6.3]. 
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Lemma 2.4. (cf. [16i Lemma 3.1]) Given a closed point isl, let 0^ x be 
the local ring of O s at x and Z A = SpecOy x be the local scheme. Then we 
have the following equation 

(C0 S ) <8> Oy — CO^, 

where to' denotes dualizing complex. 

3. Du Bois Property 

In this section, we prove under Assumption 11,11 that Z(X, L) is always 
DB and give a partial answer to Question 1 1.61 It turns out that both results 
are related to the positivity property of N* F /prE/ ) , the conormal bundle to F x 
inP (E l ). 

Lemma 3.1. f[22 ; , Lemma 2.2]) Let n = dimX. Assume L is a 3 -very ample 
line bundle on X. Then for all x e X, 

K. mm *0»ebm-2E x ), 

where F x - Bl x X and E x is the exceptional divisor. 

The technical result below will be used in many places later on. 
Proposition 3.2. R'LOp^f- <D) = 0 for all i > 0. 

Proof. Since t : P (E L ) -a Z is an isomorphism over Z \ X, it suffices to 
prove the statement at any closed point x e X. 

By the theorem on formal functions (cf. IfTTi III. 11]), one has the iso¬ 
morphism 

i?T*(9p(£: L )(-<I>) x —> lim H'(F X , ® Oy ( f Lt /-X F ), 

T 

so it suffices to show that H'(F X , <2> 0 ¥ (e l )/ = 0 for all k > 0. 

To this end we do induction on k. For k = 1, 

® 0 7 (E, ) /,y Fx - K IHEl) \ Fi - b* x L(-2E x ), 

where the last isomorphism is by |[22l p. 8], and E x is the exceptional divisor 
of the blowing-up of X at x, b x : F x -a X. 

We now argue in case n > 2, but it is evident that the statement below is 
also valid for n = 1. 

Recalling Assumption !l.ll for L, then for j > 1, we have 
b x *L J (-2jE x )) - co Fx ® P n+] ® Q, 

P = b* x A 2 (-E x ), and 
Q = (co Fx ®P n+l ®b* x B)'~ l ®b* x B. 


where 
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It is well known that P is very ample, so a) f x <S>P" + 1 ®b* x B is very ample, for 
instance by [[51 p. 57]. It follows that Q is nef and hence P n+1 0 Q is ample. 
Therefore by Kodaira vanishing, we have 

(3.1) H'(F X , bfU(-2 jE x )) = 0 for all i > 0. 


In particular, the vanishing above for j = 1 is the desired vanishing for 
k= 1. 

For any k > 1, consider the exact sequence 

0 —> <7p(£ L )(-<5) ® —> Op(£ i )(-<t))<8)(9p(£ 1 )/j^ i +1 —> > 

We observe that 


(3.2) <W-$) 0 StjSg 1 - b* x L(-2E x ) 0 S k N* Fx/nEL) . 


By Lemma I3TTT 


fn+k-j- 1\ 

© ® KLH-2JE,), 
j =0 

so (13.21) is a direct sum with summands 


S’ * A/* 

J ' V F,/P(Ez.) 


b* x L j+ \-2(j + l)E x ), 0 < j < k. 

Then it is immediate by (13.11) that 

H\F X , D P(£l) (-0) 0 J^/X£ +1 ) = °. 
which completes the proof together with the induction hypothesis. 


□ 


We need the following criterion for DB singularities. 

Theorem 3.3. Theorem 1.6]) Let f : Y —> X be a proper mor¬ 
phism between reduced schemes of finite type over C. Let W Q X and 
F := f~ l {W) Q Y be closed reduced subschemes with ideal sheaves J’wix 
and Assume that the natural map 

P '■ d? W / X -* Rftd^F/Y 

admits a left inversep', that is, p' op = id'Then if Y, F and W all have 
DB singularities, then so does X. 

Let V be a subspace of 77°(X L). Given a variety X c P( V), denote the se¬ 
cant variety by Z(X V). The notation X(X L) coincides with L(X H°(X, L)). 
Theorem 1 1.21 can be slightly strengthened as follows. 

Theorem 3.4. Let X c P(V) be a smooth projective variety of dimension 
n such that L = 0-z:( V] (\ )\x satisfies Assumption 17.71 Suppose X(X, V) is 
normal. Then D(X V) has Du Bois singularities. 
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Proof. We first consider the special case that V = H°(X, Op(v)( 1 )\x). We 
claim that t*0^ EL f- O) = where J’xfL denotes the ideal sheaf of X in 
£. By the assumption on L, the main result in If22l implies that t*0^ EL) = 
Oy. So from the exact sequence 

0 —■» <9p(£ i )(-®) —» Of( EL ) —> 0,i) —> 0, 

we see that the claim follows from the fact O x — q*0$>, see Lemma [2T2l 
With Proposition 13.2[ this implies that t Rt t O^ EL f- O) = -Xx/x in the de¬ 
rived category. In particular, the following splitting sequence holds 

■^X/X. —■* ft l *0-(F L )(-(l)) —> -XxjY.■ 

Since X, ® and P (E L ) are all smooth, 2(X, L) has Du Bois singularities by 
Theorem 13 .31 

In general let V c H°(X,L) be a very ample linear system. For any 
G X [2] , one has the natural commutative diagram 


/ 



H°(X, L) - rrH () (XMf. 


There exists a projective space A c P L)) such that A n ¥(V) = 0 
and dim A + dimP(V) = dim ]P(7/°(A, L)) - 1. Then one gets a projection 
p : P (H°(X, L ))\A —> P(V), which induces a morphism as shown below 


£(X, L) c -> P (H°(X, L))\A 


P-L 


ux, vy- 


-4 P(V). 


Take any point p e P(V), let A p be the linear span by A and p. Then 
set theoretically pl'(p) = X(A, L) n A p . Since A is a hyperplane of A p , 
S(X, L ) n A p is a finite set of points, for otherwise Z(X, L) n A ^ 0. This 
indicates that p x is a finite morphism. Moreover p x is surjective. Applying 
[14, Corollary 2.4] and using the fact that X(X, L) is DB and the assumption 
that X(X V ) is normal, we deduce that S(X, V) is DB. □ 


Next we show that in some special cases, S(Z, L) has singularities more 
directly related to the minimal model program. For example X = P 2 , satis¬ 
fies the hypothesis in the following theorem. 

Theorem 3.5. If for any x e X, F x - Bl x X is a Fano variety, then on X(X, L ) 
there exists a boundary A such that (X(X L), A) is a log canonical pair. 
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Proof. For any x e X, F x is a fiber of q : <E> —» X, so by adjunction formula 
we have 

(^P (E l ) + I F = K Fx . 

In other words, -{K ¥(El ) + ( t>j is relative ample over £(A, L). (Recall that 
t : P(j E l ) —> £(X, L) is isomorphic outside of <D.) 

Pick an ample line H on E(X, L) such that N := ~{K ¥ ( El) + <E>) + t*H is 
ample. For m » 0, we can assume mN ~ D, where D is a reduced divisor 
intersecting O transversely. Let A' = © + -^D. We see that 

K-p( El ) + A' ~ fj Q 0. 

Since © is a smooth divisor on P (E L ), A' is a linear combination of simple 
normal crossing divisors with coefficients at most one. So (P (E L ), A') is a 
log canonical pair. Then (71 Lemma 1.1] implies that there exists a boundary 
A such that (X(A, L ), A) is a log canonical pair. □ 

4. Non Du Boisness under weaker positivity 

In this section we consider the situation when the embedding line bundle 
L fails to satisfy Assumption ll.il We show that the secant variety may still 
be normal, but not Du Bois anymore. 

4.1. Example of normal secant varieties. The example below shows that 
Assumption ll.ll is not necessary for the normality of secant varieties. 

Example 4.1. Let X c P := P' !+1 be an //-dimensional smooth hypersurface 
of degree d. By adjunction, co x - O x (d - n - 2). Fix an integer k > 3 and 
put L = O x {k) ^ (o x ® O x (k - d + n + 2), which is 3-very ample. 

Claim: 2(X, L) is normal provided that k > '-f-- 

Proof By lf22l Theorem D], it is sufficient to show that for each x e X, 
b*L(-2E x ) is normally generated on the blowup B\ x X. By pushing it down 
to X, it amounts to showing for each positive integer r 

H°(X, L <g> m 2 x ) ® H°(X, U ® m 2 f) -» H°(X, L r+l ® m^ +1) ) 

is surjective. 

To this end, consider the commutative diagram 

H°( P, Op(k) ® m 2 ) ® H°( P, 0 P (rk) ® m 2 /) -> H°( P, 0 P ((r + 1 jit) ® mf r+l) ) 

a r +1 


H°(X, L ® ml) ® H°(X, U ® m 2 x r ) 


r H°(X, L r+l ® m 2 x (r+1> ). 
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After a change of coordinate for P, x = [1 : 0 : • • • : 0] and a basis of the 
vector space H°( P, O-Jrk) <g> m A /') is given by the set of monomials 

{x e ° • • • x*l\ | ^ e i = rk . e 0 <kr- 2 r], 

i 

then it is straightforward to check that the top multiplication map is sur¬ 
jective. On the other hand, if k > then (r + 1 )k — d > 2(r + 1) - 1. 
Applying Kawamata-Viehweg vanishing on the blowup of P at x and noting 
that (3p(l) <8> m A . is globally generated, one obtains that 

tf‘(P,0p((r + 1 )k -d)® m f +1) ) = 0. 

Using the standard exact sequence 

0 —> Of(-d) —> Op —* Ox —■* 0, 

we deduce that the vertical map 07+1 is surjective, and the assertion follows. 

□ 


4.2. Examples of non Du Bois secant varieties. In this subsection we 
show that if the embedding line bundle L does not satisfy assumption ll.il 
then the secant variety Z(X, L) may not be DB, even it is normal. In fact 
we prove a necessary and sufficient condition for a secant variety to be 
DB. The condition is similar to Steenbrink’s characterization of isolated 
DB singularities (cf. [I2l Corollary 1.5], ff2H). 

Theorem 4.2. Suppose L is 3-very ample and £ is seminormal. Then £ is 
Du Bois if and only if = 0 for all i > 0. 

Proof By the definition of Du Bois pair, we have the following diagram 


n° 

_y,x 


RtM 


,o 

W(E l )& 




a rlQ! 


'P(El) 




+1 


-> Riiff (l> 


0 +1 


where the map a is induced from the other two vertical natural maps. By 
[14i Lemma 2.1], there is an object D fitting in the distinguished triangle 

(4.1) D —■> © RUff nEL) —* RpQ° . 

In fact the object D is just the mapping cone shifted to the left by one. As a 
result we can define a map 6 : D —* D by f © [3. 

Moreover since t is an isomorphism outside of X, we have the following 
distinguished triangle (see for instance l[T3l Theorem 6.5 (10)]), 
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Combining with (14.11) . we obtain the following commutative diagram 

© Rt *Ql (E L ) -> &A 

6 

D -> © Rt&° P(El) -> Rt.£% lL ^ 

In particular, we see that 6 is a quasi-isomorphism. Then by in [HI Lemma 
2.1], cr is a quasi-isomorphism. 

Since P (E L ) and O are both smooth, 0 = 0 P ( £/ )(-0). By the iso¬ 
morphism a , the sequence 

becomes 

Rt*0-p(E ,)(—©) —> —■>, 

which yields the following long exact sequence 

0 —■* L<9p(£,)(-0) —» /i°(Qy) —> Ox —■> ^ 1 LC?p ( £ ; )(-0) —» h l (Q.^) —*•••. 

On the other hand, since 2 is seminormal, the natural map Ox —» 
is an isomorphism. Therefore the map /?°(Q°) —» O x is surjective. Besides 
note that h l (Q^) = 0 for all i > 0, so 

R%O nEl) (-®) - h'fX) 

for all i > 0. In particular, 2 is Du Bois if and only if R 1 l0^e l )(~^) = 0 for 
all i > 0. □ 

Remark 4.3. The argument in the proof of Theorem 14.21 is essentially the 
same as the proof of [{9} Theorem 2.1], where the case of cone singularities 
is considered. 

Next we provide examples indicating that there exist secant varieties to 
smooth varieties of arbitrary dimension which are normal but not DB. 

Proposition 4.4. Let Lbe a 3-very ample line bundle on X of dimension n. 
If H"(X, L) * 0, then R"l t O: (F ,/-({>) * 0. 

Proof By the theorem on formal functions (cf. IfTTl III. 11]), one has the 
isomorphism 

R n hO n E L )(-®) x ^ lim H n (F x , 6> P(£/) (-©) © 0- nEl ) U k F ). 

k 

For k = 1, 

H'\F x , <9p( £i )(-0) <S> Of(E L )/d?F x ) 

- H n (F x , b* x L(-2E x )) 
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- H\X,L) 

4 0 . 

Because dimF v = n, for each k > 0 the natural map 

H n (F x , <9p(£ t )(-0) ® Op(E L )/^ f* 1 ) —■* H”(F x , Op(E L )(.—®) ® Of( e l )/^f x ) 

is surjective. Therefore any nonzero element in H”(F X , 0-z iEl ) (-®)®O p(El , / .F Fx ) 
lifts to a nonzero element in 

lim H"(F x , (9p(£ i )(—O) ® 0-(e l) /-F^ j. 


Example 4.5. Let X be a smooth projective curve with Clifford index 
Cliff(X) > 3. According to 122; . Corollary B], I(A, co x ) is normal. On the 
other hand, H l (X,co x ) ± 0, so Theorem 14.21 and Proposition 14.41 imply that 
E(X, ojx) is not DB. 

Example 4.6. Again let X c P ' ?+1 be a smooth hypersurface of degree d > 
n + 2 + k and L = Oxik) with k > 3. Then 

H n (X, L) ^ H n+] (¥" +] ,0- ? n + i(k - cl)) 4 0, 

which shows that £(X, L) is not DB. If in addition k > we have X(A, L ) 
is normal by Example 14.11 These conditions can be achieved simultane¬ 
ously for any fixed n by, for instance, taking an even number d > 2 (n + 4) 
and k=*£. 

5. On Cohen-Macaulayness 

In this section, we calculate the depth of local rings of £ which measures 
how far S is from being Cohen-Macaulay, and also study the sheaf 
using the language of derived category. 

Since we are dealing with the projective case, a basic lemma for our 
purpose is 

Lemma 5.1. (0] Lemma 2.3 ]) Let X be a projective scheme over an alge¬ 
braically closed field K of pure dimension n with an ample divisor D. Let ‘F 
be a coherent sheaf on X such that support of F has pure dimension n. Then 
depth fF > kfor all closed point x e X if and only ifHfX, F(-rD)) = 0 for 
all i < k and r » 0. 

With the lemma above, we will prove 

Theorem 5.2. If L is defined as Assumption [7771 then 

depth fL{X, L) = n + 2 + maxji | i < n — l, and H\X, O x ) = 0,1 < j < i). 

Here we adopt the convention that if the set {/1 i < n - l, and H'(X, Ox) = 
0 ,1 < j < i} is empty, then the max is 0. 
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Corollary 5.3. IfX is a curve , then E(X, L) is Cohen-Macaulay. □ 

Remark 5.4. Sidman and Vermeire ||T9l proved a stronger result that for 
a curve of genus g embedded as linear normal curve by a line bundle of 
degree d > 2g + 3, Z is arithmetically Cohen-Macaulay. 

Corollary 5.5. If X can be embedded in a projective space as a scheme- 
theoretic complete intersection, then for sufficiently ample L, Z(X, L) is CM. 

Proof. Since X is a complete intersection, H'(X, Ox) = 0 for 1 < i < n - 1. 
Theorem 15.21 implies depth T Z(X, L)=2n+1. □ 

Lemma 5.6. For all integers i, r, 

H l (Z, Sxpf-r)) - H l (P (E l ), O nEl) (-r) ® 0 P(£i) (-0)). 

Proof. Since R J t*(O nEL )(-r) ® O nEL )(~•!>)) - Ox(-r) ® R l cO nEL )(-d>) = 0 
for j > 0, by Proposition 13.21 we have 

H' (P (Ef), Of>(E L )(-r) ® Op( EL )(-d>)) — H 1 (Z, t*<9p(£ L )(-®) <g> Ox{-r)) . 

To finish the proof, we use the fact t*Ov( EL )(-d>) ^ e/x/s, as shown in the 
proof of Theorem 13.41 □ 


Lemma 5.7. Let r » 0. Then 

' 0 


H\Q>M-r)) = 


if i < n, 

H'\X, L~'j ® H‘- n (X , Ox) if n < i < In. 


Proof. Since L is ample, we have that if b < n and r » 0, H h {X,R a cpOq 
L r ) = 0 by Serre vanishing. It follows that the Leray spectral sequence 


7 a,b 


- H\X, R a q*Ov ® L~ r ) => H a+b (O, O^-rj) 

degenerates at the level E 2 . We see that if i < n, H\Q>, O t[ ,(-r)) = 0 for 
r » 0. For n < i < 2 n. 


Hf d>, O.f-ij) * H n (X,R l - n q. t O< x> ® U r ) ^ H’\X, L~ r ) ® H" n (X, O x ), 

where the last isomorphism is by Lemma (12.21) . □ 

Proof of Theorem 17721 Since O ¥ (e l )0) = the tautological line bun¬ 

dle Op( E ,)0) is big and nef. Therefore by Kawamata-Viehweg vanishing, 

(5.1) H 1 (0]3(E,)(-r)) = 0 for all i < 2n + 1 and r > 0. 

Consider the exact sequence 

(5.2) 0 —> 0-?(E L )(—r) ®Op(E L )(— < &) 0?(E L )(—r) —■> 0®(-r) —> 0, 

where <9,[,(1) = q*L. We obtain that for i < 2 n + 1, 

H\X, jTx/A-r)) 

- H' ( Of ( E L )(-r) ® O-tEj-dp) by Lemma[5]6] 
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* ff-'iPvi-r)) by (ED, (HI (/T 1 = 0) 

JO if i < n, 

\ H'\X, L~ r ) ® O x ) if n < i < 2n + 1, 

where the last isomorphism is by Lemma [5/71 
Then from the exact sequence 


0 -» Jxnk-T) -» Ox{-r) -A Ox(-r) -» 0, 


and applying Kodaira vanishing to <9x(-r), we see 


H'iOyi-r)) 


0 if i < n, 

H'\X , L~ r ) ® H‘-'- ,l (X, O x ) if n + 1 < i < In + 1. 


So to finish the proof, we shall show that H n {O p (-r)) = H n+l (<9 s (-r)) = 0. 
In view of above results, both groups sit in the exact sequence 


0 -> H n (Ox(—r)) -> H’XOx(-r)) 4 iT +1 (Z, ^/z(-r)) -» H n+ \0^{-r)) -» 0, 


and hence we need to prove a is an isomorphism. 

To this end, consider the natural commutative diagram 


H n (0®(—r)) -> H" +l (Op (El) (-r) ® 0 P(£i) (-0)) . 

H n (p x (—r)) -^ H" +1 (S, SxpL-r)) 

Since the top and right column maps are isomorphisms, it is reduced to 
show that the natural map H"(O x (-r)) —» H n (0®(-r)) is an isomorphism. 
Again, this is the case by the Leray spectral sequence and Serre vanishing. 

□ 


Theorem 5.8. t t oj P ( Er ) - co p if and only ifH"(X, O x ) = 0. 

Proof. Assuming Claim [5791 and pushing forward the exact sequence 
0 —> cov(e l ) cAcE/jCb) —* i*oi <t —* 0 

by t, we see that the statement of this theorem is equivalent to showing 
(L o i t )oj (] , = 0 if and only if H n {X, O x ) = 0. 

By virtue of Diagram 12.11 it suffices to show that q^co® = 0 on A. For 
a closed point x e X, it is equivalent to showing q^u)® <S> k(x) = 0 by 
Nakayama’s lemma. But since q is flat by Lemma I2T1 applying Grauert’s 
theorem we have 


q t OM< ® k(x) ~ H°(F X , men | f J - H°(F x ,oj F x ). 

Recall that F x is the blowing up of X at x, so H°(F X , a> Fx ) = H°(X, co x ) and 
the last cohomology group is zero if and only if H n (X, O x ) = 0. □ 
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Claim 5.9. 


t*IVp(£ L )(®) - CO - z - 


Proof First note that there is a natural map LiVp^^O) —» cuv by the fol¬ 
lowing natural maps 

—> j *( t * Wp ( E L )(®)\ u ) — > 7*(^sli/) — ivx- 

Here j : £ \ X —» Z is the open immersion and the last isomorphism comes 
from the fact that the sheaf a>z is reflexive. So to prove the claim it suffices 
to prove that 

t*OJ-p(E L )(®)x ~ <Vz T 

for every closed point x e E. 

From now on we fix a closed point xelcl and denote by Oz x the local 
ring of Z at x. By Proposition [32] we have 

so applying the functor RHom^i, ojf) then localizing at x and denoting the 
local ring of E at x by 0 Xr , we get the isomorphisms of complexes 

Rt*a>p( EL )(Q) ® Oz — RHom v (Rt i: 0 ( e, )( _ ®) - iv*) ® Oz 
— RHoniz(t t O ( Ej j(-®), (of) ® Oz, 

— RHomz x (t*0¥(E L )(-Q)x, iv* ), 

where the first isomorphism follows from Grothendieck Duality theorem 
and the last one is by Lemma [2~4l By taking the -zth cohomology we see 
that 

P~"' 1 't*a)p (£ L )(®) ® - Sxt '(t t Oz (FL} (—(\f x, iv*.)- 

In particular, when i = 2n + 1, we get the isomorphism 

(5.3) Ltvp^jC®) 0 0 Xx - Sxt ( "" +1) (t*(9p(£ L )(-®) v , iv^ r ). 

Let / be the injective hull of Oz - Apply Hom(, I ) to the right hand side 
of equation (15.31) . then by (12.21) we have 

(5.4) Hom(Sxr {2n+l \cO nEL) (-®) x , m* > I ) 

- H; n+ \cO nEL) (-^f) 

- H? + \Oz x ), 

where the second isomorphism comes from the following sequence 

0 —> Lt9p(£’ i )(-®) — —> Oz —* Ox —> 0 

and the fact that H l x (0 Xx ) = 0 for all i > zz. 

Apply Hom(, I ) to equation (15.41) . by [TTJi §V Corollary 6.5] we have an 
isomorphism of the completions at x 

Sxt-C n+ %*O nEL) (-®) x ,colX 
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- Hom{H 2 ; + \uO nEL) (-<&) x ),I) 

- Hom(H 2 x n+ '((hJJ) 

- 6xr^ +l \0^colf x 

- M;- 

But by equation (15.31) there is a natural map 

Sxt u " +1) (t*(9p ( £ L )(-©) A -, a» 2 r ) - (*o;p(£ ;J ((D) ® Oj. x —■» a»s r , 

so isomorphism of the completions implies the isomorphism of the local 
rings, that is, 

Sxt ( ~" +] *(t t Op( El )(- ( l>) x , oj\) — (Oy. x - 

Thus 

?*^ p (£ l )(©) ®0-z x - a>z x . 

This completes the proof of the claim. □ 

Remark 5.10. We emphasize that validity of Theorem 15.81 does not rely on 
H\X,Ox ) = 0 for 1 < i < n - 1, or equivalently Cohen-Macaulayness of 
X. If 2 is Cohen-Macaulay, then claim [5791 and hence Theorem 15.81 follow 
immediately from |fT7l Theorem 3.1], since we already proved that X is Du 
Bois. 


6. A MULTIPLICITY FORMULA 

The following proposition shows that more positivity of L may lead to 
worse singularities in a certain sense. 

Proposition 6.1. The Samuel multiplicity of'L(X, L) at a closed point x e X 
is given by L n - 2". 

Proof. Since the multiplicity p at x coincides with the top Segre class of 
({.v}, X(X L)), which is invariant under a birational proper morphism (cf. BU 


Chap. 4]), we have 


P^(X, L) = 5o (W, £(*,£)) 


= s n (Bl x X,n.E L )) 

= S n ( N B 1 x X/¥(El )) 

= {-\) n {-b* x L + 2E) n 

by Lemma |3.1| 

= (-i)"Z(”j(-i) i (W(2^) ,, " i 

= L n +2 n (-E) n 
= L n - 2”, 

for 0 < i < n, ( b*L) 1 ■ E n ~ l = 0 

which completes the proof. 

□ 
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